BOUNDING THE CEBYSEV FUNCTIONAL FOR A PAIR OF 
SEQUENCES IN INNER PRODUCT SPACES 



S.S. DRAGOMIR 



Abstract. Some new bounds for the Cebysev functional of a pair of vectors 
in inner product spaces are pointed out. Reverses for the celebrated Jensen's 
inequality for convex functions defined on inner product spaces are given as 
well. 



1. Introduction 

Let (H; (•, ■)) be an inner product over the real or complex number field K. For 
p = (pi, ■ • • ,p n ) G K" and x = (x lt ...,x n ), y = (y%, . . . , y n ) E H n , define the 
Cebysev functional 



(1.1) 



T„ (p;x,y) := P n ^2,Pi (xi,yi) - / ^PtX^^p.y, 



where P n := J2i=iPi- 

The following Griiss type inequality has been obtained in pp. 

Theorem 1. Let H, x, y be as above andpt > (i S {1, ... , n}) with ^2™ =1 Pi = 1, 
i.e., p is a probability sequence. If x, X,y,Y G H are such that 

(1.2) Re{X - Xl ,x t -x) >0, Rje{Y-yi,yi-y) >0 

for each i 6 {1, . . . , n} , or equivalently, (see ^) 



(1.3) 



x + X 



< g II* 



< 2ll y -yll 



/or eac/i i E {1, . . . , n} , i/ien we have the inequality 



(1.4) 



|T„(p;x,y)| < 



T7ie constant j is best possible in the sense that it cannot be replaced by a smaller 
constant. 

In , the following Griiss type inequality for the forward difference of vectors 
was established. 
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Theorem 2. Let x = (xi,...,x n ), y = (yi,...,y n ) € and p € R™ 6e a 
probability sequence. Then one has the inequality: 



(1.5) |T„(p;x,y) 



E * ft - E »p 



max ||Aar fe || max ||Aj/ fe | 

Kfe<n— 1 KKn-1 



< ^ 



E PiPj E l|Ax fe 



l<i<i<n 



fc=l 



n-1 

EI|A2/ fc | 
P> 1. | + | + 1 



E Pi (1 "Pi) 



n — 1 n — 1 

E ||Ax fc || E ||Ai/*| 
fc=l fc=l 



The constants 1, 1 and ^ in f/ie rig/ii /land side of inequality fl.5p are best in the 
sense that they cannot be replaced by smaller constants. 

Another result is incorporated in the following theorem (see 

Theorem 3. Let x, y and p be as in Theorem^ If there exist x,X € H such that 

(1.6) Re (X — Xi , Xi — x) > for each i 6 {1, . . . , n} , 

or, equivalently, 



(1.7) 



x + X 



< — \\X — x\\ for each i £ {1, . . . , n} 



then one has the inequality 

1 - 
(1.8) \T n (p; X ,y)\<-\\X-x\\J2Pi 



E 



E p < w 



PjVj 



E 



Pi2/ S 



T7ie constant ^ is 6est possible in the first and second inequalities in the sense that 
it cannot be replaced by a smaller constant. 

Remark 1. // x and y satisfy the assumptions of Theorem^ then we have the 
following sequence of inequalities improving the Griiss inequality \l-4\j : 



(1.9) 



1 " 
\T n {p^,y)\<-\\X-x\\Y,Pi 



1 / 

<-\\X-x\\ (5>|| yi || 2 - 



Ep*^ 

i=l 



<-\\x-x\\\\Y- y \ 
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Now, if wc consider the Ccbyscv functional for the uniform probability distribu- 
tion u = 



T n (x, y) := - V (xi, yi) - ( - x h - V 



i=l 



i=l 



then, with the assumptions of Theorem ^ we have 



(1.10) 



\T n (x,y)\<~\\X-x\\\\Y-y\\ 



Theorem |21 will provide the following inequalities 
(1.11) |T„(x,y)| 



< < 



i 

6 
1 

I 2 



1 \ / n_1 



e iiA^ir 



A;=i 



n-l 

E l|A» k | 
fc=l 



if p > 1, 



P 9 



1 \ >i-l n-l 

i-- E E l|Aj/ fc | 

n / fc=l fc=l 



Here the constants yj, i and i are best possible in the above sense. 
Finally, from 1)1.90 . we have 



(1.12) 



1 " 
|r„(x,y)|<-||X-a:||X; 

'' i=l 



1 ™ 



< 2 ll-XT — aril 



1 n 1 71 

rj — ^ ?7 ^ — ' 



i=l 



i=l 



< i l|jf- a: ||||y_ y ||. 

It is the main aim of this paper to point out other bounds for the Cebysev func- 
tional T n (p;x, y) and T n (x, y) . Applications for Jensen's inequality for convex 
functions defined on inner product spaces are given as well. 

2. Identities for Inner Products 
For p = (pi, . . . ,p n ) e 1" and a = (ai, . . . , a n ) G H" we define 

i 

Pi:=E»> Pi = P n -Pi, %€{!,..., n-l) 



k=l 



and the vectors 



Ai (p) = ^Pkdk, 

k=l 

for i G {1, . . . , n — 1}. 

The following result holds. 



A z (p) = An (p) - Ai (p) 
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Theorem 4. Let (P; (•, •}) be an inner product space over K 7 p = (p\, . . . ,p n ) £ 
and a = (01, . . . , a n ) , b = (61, ... , b n ) 6 H n . Then we have the identities 



n-l 



(2.1) T n (p; a,b) = ^ {P t A n (p) - P„ ^ (p) , Ab t ) 

i=i 

n-l / 1 1 
= Pn P * { JT A " (P) - T Ai (P) ' 



2—1 X 

(ifPi^O, ie{l,...,n}) 

n-l 



I 1 1 X 

(ifPi,Pi^0, i€{l,...,n-l};, 

where Axi = a^+i — a^i (i G {1, . . . , n — 1}) is i/ie forward difference. 

Proof. We use the following summation by parts formula for vectors in inner prod- 
uct spaces 

9-1 9-1 
(2-2) £ (d[,Avi) = {d h vi) <»i+i> M) , 

/— p /— p 

where d,, are vectors in P, I = p, . . . ,q (q > p; p, q are natural numbers). 

If we choose in Q2.2[l . p = 1, q = n, d, = P^n (p) — P«Aj (p) and Vi = hi 
(i e {1, . . . , n — 1}) , then we get 

n-l 

£ (PiA n (p) - P„Ai (p) , Ah) 

i=l 

n-l 

= <PA„ (p) - P„Ai (p) , 6,) |" - ^ (A (PiA n (p) - P„A (p)) , b l+1 ) 

i=i 

= (P n A n (p) - P„A„ (p) , b n ) - (P 1 A n (p) - P n A x (p) , 61) 

n-l 

- (P+l A « (P) - PnAi+i (p) - PiA„ (p) + P n A, (p) , 6 i+1 ) 
i=l 

/ n-l 4 

= P n pi (ai,xi) - pi (p) ,61) - / ^4„ (p) ,y^ j p i+1 b i+1 

n-l 

+P n y^Pi+i (aj+iA+i) 



1=1 



i=l 



n / 74 74 

= Pn e^ ( a *> m _ ( y^p»a»,y^p»fc» 



= T„(p;a,b). 



proving the first identity in (|2.1() . 

The second and third identities are obvious and we omit the details. 

The following lemma is of interest in itself. 
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Lemma 1. Let p = (pi, . . . ,p n ) G M" and a = (ai, . . . , a„) 6 H. Then we have the 
equality 

71-1 

(2.3) P;A„ (p) - P n A l (p) = E P™in{i,j}P m3X {i,j}Aaj 

3=1 

/or eac/i i G {1, . . . ,n — 1} . 

Proof. Define, for i G {1, . . . , n — 1} , the vector 



3=1 



We have 



(2.4) K (i) — ^-P m in{i,j}-Pmax{i,j} ' Attj + E fmin{i,j}-Pmax{i,j} ' Adj 

j=l j=»+l 
i n— 1 

= £f>-P i -Aa j + E / ' / '- A " ! 

i n— 1 

Using the summation by parts formula, we have 

i i 

(2.5) E ^ ' Aa ^ = - E - P i) 

3=1 3 = 1 



Pi+ia-i+i -Pifli - y^Pj+iQj+i 



i+l 



= P+ia m - EPj" a i 



and 



(2.6) E P i ■ Aa J = ^°iir+i - E - p i) a ^+i 

j=i+l j=i+l 

n-1 

= Priori — Pi+lO-i+1 — (Pi _ ^J+l — Pn + ^j) a j+l 



n-1 

= -P J+ ia i+ i + E Pj+i a 3+i- 

3=i+l 
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Using 1)2, 5 jl and 1)2. 6j) . we have 



t+i 



K (i) = ^ P 1+ ia. 1+ i - y^pjaj + -Pi X! ^+i a i+i - Pi+i^i+i 



3=1 



= PjPi + iQi + i - p,Pj + ia» + i - p y^pjQj + Pj+iaj+i 

3=1 j=i+l 

n-1 i+1 

= [(Pn - P) P+l - P (P« - P+l)] OH+1 + P J! ^ + l a J"+l - P'X!'''" ' 

J=i+1 3=1 

n-1 i+1 

= PnPi+xai+i + -P X - -P y^PjQj 

3=»+l 3=1 

n-1 i+1 

= (P + P) p i+ ia i+ i + P X Pj+iOj+i - P y^Pjaj 

3=2+1 j=l 

n— 1 i 

p X! p-X!'''"' 

j=i+l j=l 

= PiAi (p) - PA, (p) 
= P^„ (p) - P„A; (p) , 
and the identity is proved. | 

We are able now to state and prove the second identity for the Cebysev func- 
tional. 

Theorem 5. With the assumptions of Theorem^ we have the identity 

n—l n—l 

(2.7) T n (p; a, b) = X X P TDia{i,j}P\aax{i,j} • (Attj, Abi) . 

i=l 3=1 

Proof. Follows by Theorem 0] and Lemmas and we omit the details. | 



3. New Inequalities 

The following result holds. 

Theorem 6. Let [H; (■,•}) be an inner product space over the real or complex 
number field K; p = (pi, . . . ,p n ) £ R" and a = (ai, . . . , a„) , b = (&i, . . . , 6„) G H n . 
Then we have the inequalities 



max \\PiA n (p) - P n Ai (p)|| E II Aft 



3 = 1 



311 i 



(3.1) |T„(p;a,b)| < I 



J2 \\PiK ( P ) - p n A. t ( P ) 



9 / n—l 

Is 



E l|A^-|| p 



/or p > 1, i + ± = 1; 



E IIPM" (P) - PnA (p)|| • max HA^-I 

i=l 1<3<"-1 
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All the inequalities in IS. 1\) are sharp in the sense that the constants 1 cannot be 
replaced by smaller constants. 

Proof. Using the first identity in (|2.1|) and Schwarz's inequality in H, i.e., \{u, v) \ < 
\\u\\ \\v\\ , u,v G H, we have successively: 



|T„(p;a,b)| <J2\( P i A n (p)-P n Ai (p),A6i) 
»=1 
n-1 

<^||P^„ (p)-P„^ (pJIHIA^ 



i=l 



Using Holder's inequality, we deduce the desired result 13.11) . 

Let us prove, for instance, that the constant 1 in the second inequality is best 
possible. 

Assume, for c > 0, we have that 



n-i 

p 



(3.2) |T„(p;a,b)| < c [ £ ||P<A. (p) - (p)II*) [ £ \\Abj 



If we choose n — 2, then we get 



for p > 1 i + i = 1, n > 2 



T 2 (p; a, b) = pip 2 (a 2 - a 1 ,b 2 - h) 

Also, for n = 2, 



^ HPA. (p) - P n Ai (p)f = [pijjal |]a a - oi| 



and 



'n-1 



Eii a m p J =n & 2-fciii, 

and then, from 13.2(1 . for n — 2, we deduce 

(3.3) |pip 2 | |{«2 - ai,6 2 - h)\ < c|pip 2 | ||a 2 - «i || ||& 2 - &i|| . 

If in (|3.3|> we choose a 2 = & 2 , a 2 = &x an d ^2 ^ &i, Pi,P2 7^ 0, we deduce c > 1, 
proving that 1 is the best possible constant in that inequality. | 



The following corollary for the uniform distribution of the probability p holds. 
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Corollary 1. With the assumptions of Theorem for a and b, we have the 
inequalities 



max 

KKn-l 



i E a k - n E a k 



k=l 



k=l 



(3.4) 0< |T„(a,b)| < -j x ^ 



n-l 

E 



k=l 



k=l 



n-l 

E II AM 5 

3=1 



g / n— 1 



e iiA6 3 -rj 

for p> 1, | + i = 1; 



n-l 

E 

i=l 



E - E 



fc=l fc=l 
The following result may be stated as well. 



• , max ||A6j| 

l<j<n— 1 



Theorem 7. W^ii/i i/ie assumptions of Theorem and if P, 7^ (i = 1, . . . , n) , 
i/ien we ftave i/ie inequalities 



(3.5) |T n (p;a,b)| 



< |P„| x ^ 



max 

KKn-l 



n-l 

E \p<\ 

i=i 



n-l 

E 1^1 

V, i=l 



±-A n (p) - — Ai (p) 



— A n (p) - — (p) 

^ n ^2 



■b-A, (p) - jr A (p) 



n-l 

E WHAM; 
1=1 



8\ a /n-l 

E l|A6i|| 
V i~> 1, i + \ = 1; 



max ||A6i|| . 

KKn-l 



All the inequalities in J^3. 5}) are sharp in the sense that the constant 1 cannot be 
replaced by a smaller constant. 



Proof. Using the second equality in i|2.1[l and Schwarz's inequality, we have 

n-l 

|T„(p;a,b)| < \P n \J2\P\ 

i=l 
n-l 

< |P„|^|Pi| 



jrK (p) - j^Ai (p) , Ab, 



jr A n (p) - 4- a (p; 



Abi 



Using Holder's weighted inequality, we deduce l|H.5|l . 

The sharpness of the constant may be proven in a similar manner to the one in 
Theorem |SJ We omit the details. | 



The following corollary containing the unweighted inequalities holds. 
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Corollary 2. With the above assumptions for el and b, one has 



max 

KKn-l 



1 « 1 i 

- E a k - - E a k 

n k=i 1 k=i 



n-l 

Ei||A6ilh 
»=i 



(3.6) |T„(a,b)| < - x { 
n 



n-l 

e* 

i=l 



I n I i 

~ Z a k ~ ~ Z °fc 



fc=l 



fe=l 



9 \ 9 /n-l 

E*iiA&iir 



n-l 

e* 

i=l 



I n I i 

- Z a k ~ ~ Z 

1 fe=l 4 fe=l 



/or p> 1, i + i = 1; 



max IIA6.; 

KKn-l 



T/ie inequalities \S. 6)) are sharp in the sense mentioned above. 

Another type of inequality may be stated if ones used the third identity in (|2.1|) 
and Holder's weighted inequality with the weights: |Pj| \P\ , i S {1, . . . , n — 1} . 

Theorem 8. With the assumptions in Theorem\Qand if Pi, Pi ^ 0, i G {1, . . . , n — 1} , 

then we have the inequalities 



(3.7) |T n (p;a,b)| 



max 

Ki<n-l 



-wA ( P ) - — ^ (p) 



n-l 

Z IPII^I l|A6i||; 



< \Pn\ X i 



n-l 

Z 1^1 

t=l 



n-l 

Z IPillAI 

i=l 



(P) - (p) 



q / n—1 

z iPi|A|iiA6 t ir 

/or p>l, | + | = 1; 



(p) - i-Ai (p) 



max IIAfe, 

Ki<n-1 



In particular, if Pi = —, i € {1, . . . , n} , then we have 
(3.8) |T n (a,b)| 

" n-l 

Z i(n-i)\\Ah\\; 



max 

KKn-l 



1 n 1 i 
: Z a k - ~ Z a k 

n — i k=i+i i fe=i 



i=l 



(n-l 
Z i (n - i) 



1 2 1 * 
r Z a fc - - Z 



fc=i+l 



fe=l 



n-l 

E *(n-t) ||A6i 
i=i 

/or p> 1, I + | = l; 



n-l 

Z i(n-i) 

i=l 



1 n l i 

: Z a fc - - Z °fc 

n — i k=i+i 1 fe=i 



max IIAbj 

KKn-l 



TTie inequalities in \3.1\j and $3.8\) are sharp in the above mentioned sense. 

A different approach may be considered if one uses the representation in terms 
of double sums for the Cebysev functional provided by Theorem [S] 
The following result holds. 
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Theorem 9. With the above assumptions of Theorem^ we have the inequalities 
(3.9) |T„(p;a,b)| 



71—1 71 — 1 



< \Pn\x< 



M^max {l , i} |} E IIAoiH E IIAhill; 

lS t i3S. n 1 i—i i—\ 

( 7i — In— 1 \ q /n — 1 \ p /n—1 

\ E E |fmm{«}| |P roax {i,j}N (EIIAoifJ (EIW 

1 , 1 



\ i— 1 j — 1 / \ z— 1 / \ z— 1 



/or p> 1, i + i = 1; 



n—1 n—1 

E E l-PminRj}! I-Pmaxlij}! max ||Aaj|| max ||A&i[| . 

i= i j— i l<&<n— 1 l<i<n— 1 

T/ie inequalities are sharp in the sense mentioned above. 

The proof follows by the identity (|2.7|) on using Holder's inequality for double 
sums and we omit the details. 
Now, define 



m m{i,j} ( max{ii,j} \\ ^ >2 



!>' ~y. '. — max 

l<i,j'<n-l I n 

Using the elementary inequality 

1 •> 
ab<-(a + b) , a,beR; 

we deduce 

1 2 
min{i, j] (n - max{i, j}) <-(n-\i- j\) 

for 1 < i,j < n— 1. Consequently, we have 

fee < -j~2 -ax {(„ - |i - Jl) 2 } = \. 

-in 2 l<i,j<n-l I J 4 

We may now state the following corollary of Theorem 



Corollary 3. With the assumptions of Theorem^ for a and b, we have the in- 
equality 

n—1 n — 1 

(3.10) |T n (a,b)| £ || AdiW Afcill 

i=l j=l 
1 n—1 n—1 

<-53||Aoi||X;i|A6i||- 

1=1 1=1 

T/ie constant j cannot be replaced in general by a smaller constant. 
Remark 2. The inequality $3.10\) is better than the third inequality in 
Consider now, for q > 1, the number 

_^ / n — 1 n—1 

fc « := ^2 EE [min^i} (« ~ max{i, j})] 9 

" \ i=l 3=1 
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We observe, by symmetry of the terms under the summation symbol, we have that 
^ = ^( 2 E i^n-jf + ^in-if] , 

V l<j<j<n-l i=l J 

that may be computed exactly if q = 2 or another natural number. 
Since, as above, 

1 



[min{i, j} (n - max{i,j})] q < (n - \i - j\f q 



we deduce 



n— ln-1 

,2q 



^i(EE("-i*-jir 



< 4n 2 



. i=l J = l 

1 



(n- l) 2 n 2 « 



1 2 

= -(n-l)« . 

Consequently, we may state the following corollary as well. 

Corollary 4. With the assumptions of Theorem QJ for a and b, we have the in- 
equalities 

i j_ 

Cn— 1 \ p /n—1 \ p 

En Aa *n (En A ^n 

^ /n—1 \ p /n—1 \ p 

<J(--i) f (En A ^in (E" A ^in . 

provided p>l,~ + i = l. XTie constant j cannot be replaced in general by a 
smaller constant. 

Finally, if we denote 

_^ n—1 n — 1 

ki ■■= -j EE i mm ( n ~ max {*>j})] > 

i=l i=i 

then we observe, for u = f i, . . . , —j , e = (1, 2, . . . , n) , that 

fc 1= T„(u;e,e) = iX> 2 - X>) = ^ K - l) - 

i=l \ i=l / 

and by Theorem [21 we deduce the inequality 

\T n (a,b)| < — (n 2 - 1) max ||A 0j -|| max ||A^|j . 

Iz l<j<?i— 1 l<j<n — 1 

Note that, the above inequality has been discovered using a different method in 
The constant is best possible. 
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4. Reverses for Jensen's Inequality 

Let (H; (-, ■}) be a real inner product space and F : H — > M a Frechet differ- 
cntiable convex function on H. If VF : H — > _ff denotes the gradient operator 
associated to F, then we have the inequality 

F(x)-F(y) > (X7F(y),x~y) 

for each x,y 6 iJ. 

The following result has been obtained in [3]. 

Theorem 10. Let F : H — > M 6e as a&oue and z< € if, i £ {1, . . . , n} . If qi > 

(i 6 {1, . . . , n}) with E"=i ft = 1' ^ erl we ^ a- fe i/ie following reverse of Jensen's 
inequality 



(4.1) 0<J29iF(zi)-F 



< < 



E * ft - E n 



E ftft; (* - i) 

l<j'<i<n 



max ||A(vF(jZi))|| max ||Azj|| 

k—1. n — 1 k— 1 ,n— 1 



n-1 

E ||A(vF(zi 
i=i 



E IIAzil 



tfp>l, * + * = !; 



l 

I 2 



E ft (i - *) 

,i=i 



n—1 n—1 

E l|A(vF(z 4 ))ll E l|A*|| 

i=l «=1 



The unweighted case may useful in application and is incorporated in the follow- 
ing corollary. 

Corollary 5. Let F : H — > R be as above and Zi G H, i € {1, . . . , n} . Then we 
have the inequalities 



0<^±F(z t )^F(^± Z ) 

i=l \ i=l J 



< n 2 - 1 

— — max ||A(vF(z fc ))|| max \\Az k \\; 

iZ k— l,...,n — 1 k—l,...,n — l 



< < 



n z - 1 
(in 



n-l 

E ||A(Vf (%) 
fc=l 



n-l 

E l|Az fc || 5 
fc=i 



r? 1 7i—l n — 1 

— - E ||A(VF(z fe ))|| E IIA^I 
Ln fe=i fc=i 



By making use, of Theorem [51 we can state the following result as well: 
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Theorem 11. Let F : H — ► M be as above and z% £ H, i £ {1, . . . , n} . If qi > 

(i £ {1, . . . , n}) with Tlj—i qi = 1, i/iera we /icwe £/ie following reverse of Jensen's 
inequality 

n / n \ 

4=1 \j=l / 

(4.2) 

n-1 



max 

l<i,_7 <n — 



, Q m i„{M},Q max{ ,,}[ E I|A(vf(z,))II E ll A ^ll 

1 k J i=l i=l 



n—ln—1 \ 9 /n—l \ p /n—l 

E E QLn { «}^«{«} E I|A(vf(z 2 ))II p E l|Az«|l p 

?=1 7=1 / \ 4=1 / \ i— 1 



/or p > 1, i + \ = 1; 



E E Qmln{i,j}Q ma ,K{i,j} , max || A (VF (%)) || max ||A^|| . 

2=1 j=l l<i<n — 1 l<2<n — 1 

Proof. We know, see for example Eq. (4.4)] , that the following reverse of Jensen's 
inequality for Frechet differentiable convex functions 



= 1 



(4.3) 0<J2<H F (zi)- F [J2* 

i=l \i=l 

< ii ( vF (*o > z i) - ^ > 12 q 



i—1 \ i— 1 i— 1 



holds. 

Now, if we apply Theorem [5] for the choices cij = VF (,Zi) , 6^ = 2, and pi 
qi (i = 1, ...,n) , then we may state 



i=l 

(4.4) 



i=l 



f 1 n ~l n—l 

I Qmin{i,j} ) Qmax{i,j} E HA(vFfe))|| E l|A*„, 

l<i,j<n-l L J ,'=i j=i 



n—l n—l ^ \ 9 /n — 1 \ p / ra — 1 



< < 



E E Q q min{u} Ql^ 3} E l|A(vF(z,))ir e IIA^f 

i—1 j—1 J J \i—l 



for p > 1, 1 + 1 = 1: 



E E i,j}Qmax{i j} max || A (VF (zi)) || max ||Az»|l . 

i—1 j — 1 l<i<n — 1 l<2<n — 1 

Finally, on making use of the inequalities l|4.3ll and l|4.4|) . we deduce the desired 
result g2J|. I 

The unweighted case may be useful in application and is incorporated in the 
following corollary. 
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Corollary 6. Let F : H 

have the inequalities 



be 



above and Zi € H, i € {1, 



i} . Then 



°*k±r<*)-'(k±») 

i=i V i=i / 



f n 2 -l 



max ||A(vF(z fc ))|| max ||Az fc | 

1Z k— l,...,n — 1 fe=l n — 1 



< < 



i("-i)M E l|A(vF(z fe ) 
\k=i 



n-1 



i E ||A(VF(^) 



fc=i 



n-1 

E IIA^II 

fe=l 



Remark 3. If one applies the other Griiss ' type inequalities obtained in the previ- 
ous section, then one can obtain other reverses for Jensen's discrete inequality for 
convex functions defined on inner product spaces. We do not present them here. 
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